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I. INTRODUCTION 
The time dependent neutron transport equation for a sourceless medium 
can be written in short hand notation as aN/at = AN, where N represents 
the neutron density per unit velocity space, and A is the, so called, Boltzmann 
operator. It is defined by the integrodifferential expression 
A$ = - v grad 4 - vZ(r, v) I/ + I a’&(r, v’ + v) #(r, v) dw (1) w 
and a homogeneous boundary condition. Here r is the position and v the 
velocity vector, and .ZJr, v’ ---f v) is the macroscopic differential scattering 
cross section, and Z(r, v) the macroscopic total scattering cross section. The 
integral on the right extends over all velocity space w. If the medium, where 
the diffusion process occurs, is a finite convex body V with no neutrons 
coming from outside, then the boundary condition is as follows: #(r, v) = 0 
for r on the surface of V and for ingoing v. 
We shall assume that the operator A acts in the Banach space L, of all 
measurable complex valued functions $(r, v) whose pth power is integrable 
over the space V x w. Here p can be any finite number >/ 1. Sometimes it is 
convenient to introduce a suitable weight function p(v) in the definition of 
the norm in L, . The Boltzmann operator A can be defined in any one of these 
spaces X = L, as a closed operator whose domain of definition is dense in X. 
Let us write A = T + K, where K is the integral operator on the right 
of (1) and 
T# = - v grad $I - d(r, v) #, (2) 
the boundary condition for T being the same as for A. In what follows, we 
shall suppose that the cross section Z8(r, v’ -+ v) and the Banach space X 
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are such that the integral operator K acting in X is defined and bounded 
everywhere. This seems to be the case in all physically important cases. 
Moreover, it can be proved ([l], [2]) un er very broad conditions imposed on d 
the macroscopic total cross section Z(r, v), that T is the infinitesimal gene- 
rator of a strongly continuous semigroup G(t) of class (17,). If 
A* = inf w.Z(r, v), then I/ G(t)/1 < e- A*t. This implies that the spectrum of T 
belongs to the halfplane Re(h) < - A*. 
Since, by assumption, the operator K is bounded, the sum T + K = A 
is also the generator of a strongly continuous semigroup r(t) of class (C,). 
From the estimate 11 r(t)/1 < e(llRil-A*)t, we infer that the spectrum of the 
Boltzmann operator A belongs to the halfplane Re(h) < I/ KIl - A*. 
The resolvent (Al - T)-1 exists as a bounded and everywhere defined 
operator for Re(h) > - A*. It follows that B, = (AI - T)-l K is an analytic 
function of h in the halfplane Re(h) > - A*, whose values are bounded 
operators. If B, or some power B,n is a compact operator for all h in this 
halfplane, then the following can be proved [2]: The part of the spectrum 
of the Boltzmann operator A lying in the halfplane Re(A) > - A*, consists at 
most of a countable set of isolated points A, . Each A, is an eigenvalue of A 
of finite multiplicity and is a pole for the resolvent (AZ - A)-i. The transport 
equation has a solution of the form N(r, v, t) = Nk(r, v) e”kt, where Nk(r, v) 
is an eigenfunction of A corresponding to the eigenvalue A, . 
If the initial distribution N(r, v, 0) E D(A) is given, the solution iV(r, v, t) 
of the transport equation is uniquely determined by 
N(r, v, t) = r(t) N(r, v, 0). 
This solution may be expressed as the Laplace integral 
N(r,v,t)=&$c/ 
ofiv 
eAt(XI - A)-l N(r, v, 0) dA, (3) L--iv 
where p is any number > I/ K 11 - h*. 
If we wish to expand the solution N(r, v, t) in terms of the special solutions 
N,(r, v) eAkt, we may proceed as follows: The resolvent (XI - A)-l is an 
analytic function of A in the halfplane Re(h) > - A* except for the points A, 
where it has poles. We now shift the path of integration on the right of (3) 
to the line Re(A) = 6 - A*, where 6 > 0 is such that there is no singular 
point on the line Re(A) = 6 - A*. The desired expansion is equal to the sum 
of residues of tit(hl - A)-l N(r, v, 0) corresponding to the eigenvalues Xk 
in the strip 6 - A* < Re(X) < 11 K I] - A*. To justify this procedure one 
must study the behaviour of the function (AZ - A)-l in this strip for 
/ Im(h)l -+ co. This study has been made by J. Mika, R. Stankiewicz and 
T. Trombetti [3] for isotropic scattering of neutrons. 
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The aim of this paper is to attack the problem of expansion more directly by 
studying the spectrum of the operators r(t). From the general theory of 
semigroups, it is known [4] that exp[tu(A)] C u[P(t)]. In particular, if X is an 
eigenvalue of the generator A, then eAt is an eigenvalue of r(t). Conversely, if 
TV E o[r(t)], p # 0, is any eigenvalue (respectively, a point of the residual 
spectrum), there exists an eigenvalue (respectively, a point of the residual 
spectrum) X E o(A) such that TV = e At. On the other hand, there is in general 
no one-to-one correspondence between the points of the continuous spectrum 
of r(t) and thsse of A. There can exist a point p # 0 in the continuous 
spectrum of r(t) which does not belong to the closure of the set exp[tu(A)]. We 
do not know yet if this can happen for the semigroup generated by the Boltz- 
mann operator. 
The strip - A* < Re(h) < 11 K 11 - A*, in the plane A, is mapped onto the 
ring eeAtt < 1 p 1 <e (M-~*)~ in the plane I”, under the mapping function 
p = eAt. Suppose there are only isolated eigenvalues Ar of A in this strip. 
These points are mapped into the eigenvalues eAbt of r(t). The question that 
arises is whether this ring may contain any other points of the set a[r(t)]. 
Let 6 > 0 be arbitrary and denote by A, , Aa ,..., A, the eigenvalues of A 
belonging to the halfplane Re(X) > 6 - A*. (We assume that the number of 
such points is finite.) If P, is the projection and Qk the nilpotent correspond- 
ing to the eigenvalue XI, of A, and Qlk the nilpotent corresponding to the 
eigenvalue eAkt of r(t), then we can decompose r(t) into the sum 
r(t) = i (eAktPk + Qkl) + -G(t). 
=kl 
(4) 
Here Zn(t) represents the semigroup with the generator A - z(A,P, + Qk). 
The operator ZJt) has no eigenvalues outside the circle 1 p 1 = e(6-A*)t. If 
the part of the set o[r(t)] in the outside of the circle 1 p 1 = e-A*t con- 
sists only of the eigenvalues eAkt, then the spectrum of Zn(t) lies on the 
disc 1 p 1 < e(6-A*)t. It follows that e (h*-6)t I/ Zn(t)ll tends to zero as t -+ 00. 
The desired expansion of N(r, v, t) is now 
where N,, = N(r, v, 0). The remainder term Z,(t) N,, can be evaluated if 
there are only eigenvalues in the spectrum of r(t) outside the circle 
1 p / = e--h*t. 
In Section II we investigate the part of the set u[r(t)] lying outside a circle 
1 p 1 = ent, where r(t) is any strongly continuous semigroup of class (C,). 
We find some sufficient conditions that all points of this part of the spectrum 
correspond to the eigenvalues of the generator A, lying in the halfplane 
Re(X) > 7. Since these conditions are rather complicated, it is not easy to 
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verify whether they are satisfied for the semigroup r(t) generated by the 
Boltzmann operator. In Section III we treat the decomposition of F(t) into 
the sum (4). In the last section we apply the obtained results to the theory of 
neutron transport. 
II. THE SPECTRUM OF r(t) 
In this Section G(t) and r(t) will be strongly continuous semigroups of 
class (C,) acting in a Banach space X, and T and A the corresponding 
infinitesimal generators. We shall suppose that the difference A - T = K 
is a bounded operator, and further, that for all t > 0 
II WI < ent. (5) 
Let us first consider the case when the perturbing operator K is compact. 
Here we shall prove 
THEOREM I. Let X be a rejexive Banach space, and let K, the d$%rence 
of the generators of two strongly continuous semigroups G(t) and I’(t) acting in X, 
be compact. Then I’(t) - G(t) is a compact operator for every t > 0. 
This theorem is a simple consequence of the following 
LEMMA. Let U(t) and V(t), t E [OL, /3], be functions of a real variable t whose 
values are bounded operators in a Banach space X. If U(t) and V*(t) [V*(t) 
being the adjoint operator of V(t)] are strongly continuous and K is a compact 
operator, then the product U(t) KV(t) is continuous in the uniform operator 
topology. 
Proof of the Lemma. Assume first that V(t) = I. It is well known (see [S], 
p. 151) that U(t) K is continuous in the uniform topology if U(t) is strongly 
continuous and K compact. 
The function V*(t) is by assumption strongly continuous. Since K* is 
compact too, the product V*(t) K* is continuous in the uniform topology. 
It follows that the same holds for KV(t) C [V*(t) K*]*. 
In the general case we write 
U(t) KWO - Wo) KWd 
= UT) - WJI KW + WcJ WW - VJI. 
If t+ t,, then Il[U(t) - U(t,,)] K jl and )I K[V(t) - V(tJ]ll tend to zero. The 
strong continuity of V*(t) implies that the norms (/ F’*(t)11 = I] V(t)11 are uni- 
formly bounded on [cu, /3]. Hence, the difference U(t) KV(t) - U(t,J KV(t,,) 
tends to zero. This proves the lemma. 
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Proof of Theorem I. The perturbing operator K, A = 1’ + K, being 
bounded, the semigroup r(t) is the solution of the functional equation (see [5], 
p. 495) 
r(t) = G(t) A jt G@ - .y) ICI+) ds. (6) 
0 
The strong continuity of r(t) and the reflexivity of the space X imply that 
the adjoint semigroup r*(t) is weakly continuous. Now, any weakly continu- 
ous semigroup is strongly measurable and, therefore ([4], Theorem 10.2.3), 
strongly continuous. By the lemma we conclude that the product 
G(t - s) Kr(s), considered as a function of s, is continuous in the uniform 
topology on the interval [0, t]. Its values are compact operators. Therefore, 
the integral on the right of (6), being the uniform limit of the Riemann’s 
sums, is a compact operator for t 3 0. This concludes the proof of Theo- 
rem I. 
It follows from (5) that the half-plane Re(h) > 1) belongs to the resolvent 
set of the generator T, so that (XI - T)-l exists. Let us suppose that the 
perturbing operator K is such that the product B, = (hl - T)-1 K, or some 
power B,,” of this product, is a compact operator for every h with Re(h) > 7. 
(This holds, for example, if K is compact.) In this case the part of the spec- 
trum of the operator A = T + K belonging to the halfplane Re(h) > 7 con- 
sists of a set of isolated points hk . Each A, is an eigenvalue of A with finite 
multiplicity [2]. On the other hand, the difference r(t) - G(t) is not necess- 
arily compact if B, , or some power of it, is compact. 
THEOREM Ia. If the product G(t) K is a compact operator for all t > 0 and 
the Banach space X is reflexive, then the difference r(t) - G(t) is compact. 
Proof, It is easy to see that G(t) K, as a function oft, is continuous is the 
uniform topology on the interval (0, cc). In fact, take any number 01 > 0. We 
have G(t) K = G(t - a) G(a) K for t > 01. The operator G(a) K, being 
compact, and G(t - a) strongly continuous for t > 01, it follows that G(t) K 
is continuous is the uniform topology for t > 01, and, since OL was arbitrary, 
for t > 0. This implies that the product G(t - s) KF(s) is a continuous 
function of s in the uniform topology for 0 < s < t. To see this, write the 
product in the form G(t - s - a) [G(a) K] r(s), where 01 > 0 is arbitrary, 
and apply the lemma. Now, it follows from (6), as before, that r(t) - G(t) 
is compact for t > 0. 
The spectrum of the operator G(t) belongs to the disc 1 p 1 < ent. Since we 
have // r(t)/1 < e(liKll+nJt, he spectrum of r(t) lies on the disc 1 p ) < e(lllYll+n) . 
If the difference r(t) - G(t) is compact, then the operators I’(t) and G(t) 
have the same essential spectrum. Therefore, there are only isolated points in 
the spectrum of r(t) outside the circle 1 p 1 = ent, all these points being 
SPECTRA OF PERTURBED SEMIGROUPS 269 
eigenvalues with finite multiplicity. This implies that the spectrum of r(t) 
in the ring eQt < 1 p 1 < e(llK’l+n)t is an exact image of the spectrum of the 
generator A = T + K in the strip 7 < Re(h) < 11 K I] + 7. According to 
Theorems I and Ia, this is surely true if K or G(t) K are compact operators. 
The following theorem shows that the same fact about the spectrum of 
r(t) holds under more general conditions: 
THEOREM II. Let G(t,) KG(t,) K *.a G(t,) K, where the number n of 
factors G(tJ K is fixed, be a compact operator for all positive values of 
tl 7 t, ,a*., tn . Moreover, let this product, as a function of the variables t, ,..., tn , 
be continuous in the uniform topology. Then the part of u[P(t)] lying outside the 
circle 1 p 1 = dt, consists of a set of isolated points pLK . Each plc is an eigenvalue 
of P(t) with finite multiplicity. 
Remark 1. The spectrum of r(t) in this ring corresponds, therefore, to 
the spectrum of the generator A = T + K, belonging to the strip 
rl < ReO) G II KII + rl. 
Proof. For the sake of simplicity, we shall consider only the case n = 2. 
The general case can be treated similarly. Iterating (6) we get 
r(t) = G(t) + I” G(t - s) KG(s) ds 
0 
+ /“/” G( t - s) KG(s - sl) KP(s,) a3 ds, . (7) 
0 0 
By assumption, G(t - s) KG(s - sl) K is continuous in the uniform topo- 
logy if t > s and s > s, . This implies that the double integral on the right 
of (7)-let us denote it by H(t)-is a continuous function of t in the uniform 
topology. In fact, we have for t, > t 
H(t,) - H(t) = f’j’ G(t, - s) KG(s - sl) KP(s,) ds ds, 
t 0 
+ s:,: [G(t, - t) - G(t - s)] KG(s - sI) KP(s,) ds dsI. 
The norm of the first term on the right tends to zero as t, --t t, since the norm 
of the integrand is uniformly bounded in the domain of integra- 
tion. And the norm of the second term tends to zero because the product 
G(t - s) KG(s - sr) K is continuous in t in the uniform topology. 
Iterating (7) we get 
r(t) = G(t) + II(t) + &(t) + Is(t) + R(t), 
409/30/2-3 
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where 
Ii(t) = jt G(t - s) KG(s) ds, 
0 
12(t) = j’j’ G(t - s) KG(s - sl) KG(s,) ds ds, , 
0 0 
(8) 
13(t) = j t j’ j” G(t - s) KG(s - sl) KG(s, - s2) KG(s,) ds ds, ds, , 
0 0 0 
R(t) = j t j’ G(t - s) KG(s - sl) KH(s,) ds ds, . 
0 0 
The integrand in R(t) is a continuous function of s and sr in the uniform 
topology, since G(t - s) KG(s - sr) K . is such by assumption and since the 
continuity of H(s,) has been justly proved. Its values being compact operators, 
R(t) is a compact operator for any t > 0. Put 
[G,(t) is not a semigroup]. Then r(t) = G,(t) + R(t). From (8) we get the 
estimates 
Hence, 11 G,(t)11 < p(t) ent, where 
p(t) = 1 + t II K I/ + ii t2 II K II2 + 8 t3 II K l13. 
Since the difference r(t) - G,(t) = R(t) is a compact operator, the operators 
r(t) and G,(t) h ave the same essential spectrum. This implies that there are 
only isolated points pk in the spectrum of r(t) lying outside the circle 
I CL I = P(t) eqt. Each pk is an eigenvalue with finite multiplicity and corres- 
ponds by the map pk = e Aat o an eigenvalue A, of the generator A = T + K. 
Let the number II, 1 p I > ent, be any point in the spectrum of r(t) for a 
fixed value of t > 0. Write I p I = (1 + l ) ent, where e > 0. Choose an 
integer n such that (1 + e)” > p(tzt). S UC an integer exists since p(t) is a h 
polynomial. The point pc” belongs to the spectrum of the operator 
[F(t)]" = F(M). Since I p” ( > p(M) e nnt, this point is an eigenvalue of I’@) 
with finite multiplicity, and, therefore, there is a corresponding eigenvalue A, 
71 < Re(X) < 11 K jl + 7, of the generator A. It follows that TV is an eigenvalue 
of F(t). Hence, the spectrum of r(t) lying outside the circle I p I = eqt 
consists of a set of isolated eigenvalues. This concludes the proof of Theo- 
rem II. 
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Remark 2. Theorem II holds also in the case when the product 
KG(t,) K a.. G(t,J K is compact and continuous in the uniform topology for 
t, > o,..., t, > 0. In fact, by the lemma, the product G(t,) K **a G(t,J K is 
then compact and continuous. 
Remark 3. We have seen above that G(t) K is continuous in the uniform 
topology if its values are compact operators for t > 0. In the general case 
11 > 1, the compactness does not suffice. We shall see that the product 
KG(t) K may be compact for every t > 0 without being continuous in the 
uniform topology. 
The resolvent of the generator T can be obtained as the Laplace transform 
of the semigroup G(t) 
(hI - T)-l = 1,” e-AtG(t) dt, (9) 
the integral on the right being convergent for Re(A) > 7. Put as above, 
(XI - T)-l K = B,, . From (9) we get 
BT=/r/,“*../re -~‘t,+tz+“‘+t,‘G(tl) K ... G(t,) K dt, dt, .a. dt, . (10) 
It follows that the power BAn is a compact operator for any A in the halfplane 
Re(A) > 7, if the product G(t,) K ... G(t,) K satisfies the conditions of 
Theorem II. 
Let X = u + ir, and let 6 > 0 be -arbitrary. We shall prove that 
(11) 
uniformly for a 3 -q + 6. In fact, let us write 
+ /m/m 0.. Jrn e-A(tl+““tn)G(t,) K .a* G(t,J K dtl dt, es* dt, . 
a 0 0 
Since the integral (10) is uniformly convergent for Re(h) = u > 77 + 6, 
the norm of the second term on the right is < 4 c if the number a is suffi- 
ciently large. The value of 
m m 
. . . 
s s 
e-A(t2+“‘+tn)G(tl) K ... G(t,) K dt, ... dt,, = S(t,) 
0 0 
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is a function of t, continuous in the uniform topology. Now we have 
e-A(tl+-‘+t++l) K ... G(t,K &, .. . &, 0 
==J’ 
a 
S(t,) emotlemiTtl d , . 
0 
Hence, by Rieman’s theorem, the norm of this integral is also < $ E for all 
sufficiently large 1 7 / . It follows I( Bt+iT // < E for all u >, 7 + 6. The number 
e > 0 being arbitrary, we have proved (11). 
Because the operator B,n is compact for any h in the halfplane Re(A) > 7, 
we conclude that the resolvent (A1 - A)-’ exists and is an analytic function of 
h in this halfplane except for a set of isolated points A, where it has a polar 
singularity (for the proof see [2], p. 149-150, where 71 = 2). Each A, is an 
eigenvalue of the generator A with finite multiplicity. 
From (11) we infer that there exists, for any number 6 > 0, a number p > 0 
such that /j Bair jj < 1 for every (T 3 T + 6 and / T ] > p. It follows that 
(I - B,“)-l exists in these portions of the A plane. Hence, the half-plane 
Re(h) 3 v + 6 contains at most a finite number of eigenvalues A, for any 
6 > 0. This result can be deduced also from the fact that, according to 
Theorem II, there are only isolated points in the spectrum of P(t) belonging 
to the outside of the circle / p j = evt. 
III. THE SERIES EXPANSION FOR F(t) 
In this section we shall assume that r(t) is any strongly continuous semi- 
group of class (Co), with the property that the part of u[P(t)] lying outside the 
circle / p / = eqt consists only of a set of isolated points pk, all pLk being 
eigenvalues with finite multiplicity. 
Let A be the generator of r(t) and A = A’ + B, where B is a bounded 
operator commuting with A’, BA’ C A’B. It is not difficult to see that in this 
case we can write r(t) = etBG(t), where G(t) is the semigroup generated by 
A’. 
If we assume, moreover, that A’B = 0, then BG(t) = B. Hence, 
r(t) = G(t) + etB - I. (14 
Let pa , I pa / > ent, be an eigenvalue of r(t) corresponding to the eigen- 
value 4 of the generator A. Since A,, is an isolated point of a(A), A may be 
decomposed (see [5], p. 180) in the following manner 
A=V’+Q++‘, (13) 
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where P is a projection (i.e., P2 = P), and Q is a nilpotent operator. Further, 
we have 
PQ=QP=Q, A’P = PA’ = 0. 
A’ restricted to the subspace (I - P) X has a bounded everywhere defined 
inverse. Since Q is nilpotent, there exists an integer n > 0 such that 8” = 0, 
p-1 # 0. 
Applying (12) for B = h,,P + Q, we get 
P(t) = (I - P) Z(t) + e’OteQ”P = (I - P) Z(t) + e’O’(P + Q’), (14) 
where Q’ = e Qt - I is also a nilpotent operator. Since clot is the eigenvalue 
of P(t), corresponding to the eigenvalue h, of A, the formula (14) is analoguous 
to (13). The member Z(t) is also a semigroup, its generator being the operator 
A’=A-((h,P+Q). 
The assumption that there are only isolated points in the spectrum of 
P(t) outside the circle 1 TV 1 = ent implies that there is only a finite number of 
points in the spectrum of the generator A in the halfplane Re(h) 2 17 + 6 
for every 6 > 0. Denote by X, , /\a ,..., An these eigenvalues, by P, and Qlc the 
corresponding projections and nilpotent operators. Since all h, are different, 
wehaveP,P,=P,P,=Oifj#k.Hence,P=P,+P,+...P,isapro- 
jection, too. Now we can write 
r(t) = f: e”ct(Pk + Qk’) + (I - P) .2&(t). 
k=l 
(15) 
It is immediately seen that Zn(t) is a semigroup with the generator 
A, = A - aE(X,Pk + QJ. S ince P commutes with A, the corresponding 
subspace PX reduces A. Because (I - P) A = A, , the restriction of the 
operator A to the subspace (I - P) X is the same as the restriction of A, 
to this subspace. Hence, (I - P) Z,(t) can be regarded as a semigroup acting 
in the subspace (I - P) X. Its generator is A, restricted to this subspace. 
All points p satisfying 1 TV 1 > e (n+6)t belong to the resolvent set of Zn(t). 
The spectral radius of Z,(t) is, therefore, < e(q+6)t. This implies 
lim log II ZVZ(t)ll < 77 + 
t 
8 
. 
t+oo 
Hence, I/ ZJt)ll = o(e(nf8jt) as t + co. 
The formula (15) is especially simple if all projections Pk are one dimen- 
sional. This implies that all Qk = 0. Denote by ek , II e, 11 = 1, the eigenvector 
of A corresponding to h, . Then we have Pg =f&) ek . Here, f&c) repre- 
sents the linear functional determining the one dimensional subspace of X* 
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corresponding to the adjoint projection P, *. Also, fk is the eigenvector of the 
adjoint operator A*, respectively, of the adjoint semigroup r*(t). In this case, 
we have the expansion 
T(t) x = 5 eAktfk(x) ek + Z,(t) (I - P) x. 
k=l 
u5*1 
Let An be the eigenvalue whose real part Re(h,) is the smallest of the 
numbers Re(h,), K = 1, 2 ,..., n. Evidently Re(h,) >, 7 + 6. From (16) we get 
limt+ eeant (1 .&(t)]l = 0. It follows that the last term in (15*) is small in 
comparison with all other terms on the right, if t is large. 
IV. SOME APPLICATIONS 
1. Let us first consider the monokinetic transport problem in the slab 
geometry treated by Lehner and Wing ([6], [7], [S]). The integrodifferential 
operator A is here defined by 
(17) 
the variables x and p belong to the intervals [ - a, a] and [ - 1, 11, respect- 
ively. The boundary conditions are: +(- a, p) = 0 if p > 0 and #(a, CL) = 0 
if p < 0. 
T and K denote the operators 
the boundary conditions for T being the same as for A. The integral operator 
K is proportional to the projection into the subspace of all functions depend- 
ing only on x. Since thii space is of infinite dimension, K is not compact. 
In what follows, we shall suppose that A acts in the space L, , 1 < p < 00, 
of all measurable functions #(x, p), - a < x < a, - 1 < p < 1, whose 
pth power is integrable. 
In the same manner as for the operator (2) it can be proved that T is the 
generator of a strongly continuous semigroup G(t) of class (C,) acting as 
follows: 
G(t) 1cI = IG(x - /.a 14 WI 
where 4(x - pt, p) must be replaced by zero if x - pt does not belong to the 
interval [- a, a]. Evidently 11 G(t) 1,4 11 f I]# 11 , hence 11 G(t)\\ < 1. Thus, the 
spectrum of T is contained in the halfplane Re(A) < 0. Lehner and Wing 
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have proved [6] a stronger result: each point of this halfplane belongs to the 
continuous spectrum of T. 
From (18) we obtain 
G(t) Ki,b = k 1’ z,b(x - pt, p’) dp’. 
-1 
Hence, G(t) K is not compact. In order to get KG(t) K, we put 
01(x, t) = max(- a, x - t), p(x, t) = min(a, x + t), 
a(~, 0, and B(x, 0 are continuous piecewise linear functions of x and t. After 
an easy calculation, we now obtain 
(19) 
Therefore, KG(t) K is an integral operator with a bounded kernel. This 
implies that it is compact if p > 1. Moreover, KG(t) K as a function of t 
is continuous in the uniform topology. This follows immediately from the 
continuity of the functions a(x, t) and ,3(x, t). The continuity of a(x, t) and 
/3(x, t) implies also, that KG(t) K is compact when acting in the space L, . 
However, it is not continuously dependent on t in the uniform topology if 
t > 0 is such that 01(x, t) > - a or /3(x, t) < a. Hence, the compactness of 
the operators KG(t) K for t > 0 and strong continuity of the semigroup G(t) 
do not imply the continuity in the uniform topology. 
2. Let us now consider the problem of neutron transport in a finite 
sourceless convex body V. We shall suppose that the medium is homogeneous 
so that the cross sections Z(v) and Zls(v’ + v) do not depend on the position 
vector r. Let X be the space L, , p > 1. The semigroup G(t) generated by 
T [Eq. (2)] is now 
G(t) # = $(r - tv, v) e-vtr(v), 
where $(r - tv, v) = 0 if r - tv .$ V. The product KG(t) K is an integral 
operator of the form 
KG(t) Kt,b = JuJm v’a”e-2)“tz(v”)L’8(v’ ---f v”) Zs(v” -+ v) #(r - tv”, v’) dw’ dw” 
Introducing the new variable r’ = r - tv”, we get 
X(t) I/I = Jvsw L(r, v, r’, v’, t) #(r’, v’) dV’ dw’. (20) 
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By X(t), we denoted the product KG(t) K and byL(r, v, r‘, v’, t), the kernel 
[in what follows we write Zs(v’, v) for Z:,(v’ - v)] 
L(r, v, r’, v’, t) = t-4v’ / r - r’ ( ,-Ir-~‘I~[(~--T’)/tl~s[~‘, (r - r’)jt] 
x .C,[(r - r’)/t, v]. 
Let us investigate the compactness of the integral operator (2G), and its 
dependence on t in the Hilbert space L, . For the sake of simplicity, we shall 
suppose that the origin of the coordinate system in the position space lies 
in the interior of the body V. Accordingly, we consider the integral of the 
function L2(r, v, r’, v’, t) extended over the space V x V x o x w. The 
operator X(t) is compact if this integral is finite. The last integral is evidently 
finite if the integral of the function 
v’~ 1 r’ - r I2 Z;(v’, (r - r’)/t) Z:[(r - r’)/t, v] 
is finite. Replacing r and r’ by tr and tr’, in the last integral, we obtain 
s,s,s,s, d2 ) r’ - r I2 Zs2(v’, r - r’) Zs2(r - r’, v) dV N dw dw’ < co. 
(21) 
The integration on r and r’ extends here over the body V, , obtained from 
V, by the homothetic transformation r + r/t. The operator X(t) is compact 
for every t > 0, if the integral (21) is finite when extended over any finite 
portion VI of the position space. 
Let the last condition be fulfilled ! Then L(r, v, r’, v’, t), as a func- 
tion of the variables r, v, r’, v’, belongs to the Hilbert space 
L,( V x V x w x W) = s2 for every t > 0. Since the norm of the operator 
X(t) is less than the norm of the function L(r, v, r’, v’, t) in the space g2, 
we infer that X(t) is continuous in the uniform topology if L(r, v, r’, v’, t), 
considered as a vector of 64, , is a strongly continuous function of t. 
Let Y(r, v, r’, v’) be any element of p2 . Put 
@(t) y = e-tlr’-rlz(r-r’)y/(r, v, r’, v’). 
Evidently, @p(t) is a strongly continuous semigroup acting in Z2 (it is even 
uniformly continuous, if vZ(v) is bounded in every finite portion of the 
velocity space). Suppose now that Y(r, v, r’, v’) is defined for all values of 
the variables r, v, r’, VI, and that 
J”,s,sL 1 Y(r, v, r’, v’)12 dV dV’ dw dw’ < co (22) 
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for any finite portion VI of the position space. Consider the function 
A(t) Y = Y(r/t, v, r//t, v’). It follows from (22) that A(t) Y is an element 
of the space -Epz for every t > 0. It is not difficult to see that this element is a 
strongly continuous function of t. For we have 
ll[-qt’> - 4t)l y /I2 
j Y(Kr, v, Kr’, v’) - Y(r, v, r’, v’)i2 dV dV’ dw dw’. 
Here K = t/t’ and VI is the body obtained from V by the transformation 
r---f r/t. If t’ -+ t, then K -+ 1 and the last integral tends to zero. Hence, 
A(t) Y is strongly continuous. It follows that A(t) @(t) Y is also strongly 
continuous, if Y = Y(r, v, r’, v’) is defined everywhere and such that the 
integral (22) is finite. If we take Y = o’ / r’ - r 1 XS(v’, r - r’) ZS(r - r’, v), 
we conclude that L(r, v, r’, v’, t) = t-3A(t) @(t) Y, as a vector E Z2, is a 
strongly continuous function of t. It follows that X(t) is an operator valued 
function continuous in the uniform topology (in the spaceL,). Thus, we have 
proved 
THEOREM III. Suppose the scattering function .Z8(v’, v) is such that the 
integral (21) ji t h is ni e w en extended over all velocity space and over any finite 
portion of the position space. If r( t) is the sem&oup generated by the Boltzmann 
operator A and A* = inf vZ(v), then the spectrum of I’(t) outside the circle 
/ p I = e-A*t consists of a set of isolated points pk . All pk are eigavalues of 
r(t) of finite multiplicity so that the formula (15) can be applied. 
The condition (21) is sufficient for the validity of Theorem III, if the 
Hilbert space L, , where X(t) acts, is defined without a weight function. Let 
us now consider the operators X(t) = KG(t) K in the space L, with the 
weight p(v) = [M(v)]-l, h w ere M(v) is the Maxwellian distribution. In this 
case the integral (21) must be modified as follows: Let us introduce the 
function [9] 
H(v, v’) = 
J- 
WV’) M(a) v’&(v’, v). 
It can be proved with similar arguments as above that the operator function 
X(t) is compact valued and continuous in the uniform topology if the integral 
H2(v’, r - r’) H2(r - r’, v) dV dV’ dw dw’ < co t21*) 
is finite when extended over all velocity space w and over any finite portion 
of the position space. 
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As an application, we shall consider the monoatomic free-gas model. The 
function H(v, v’) is in this case as follows [9] 
where C is a constant, ~1 = M/m > 1, M being the mass of nucleus and m 
the neutron mass, and p = l/m/2kT. Since 
qv, v’) < , v, c v , e-tw-*12, 
where a2 = /32/2p, we have 
j H2(r - r’, v) dw < C2 J &/r-r+r’12 / v _ r + r’ j-2 dw 
0 w 
Therefore, denoting the integral (21*) by I, we get 
I < s 1 4a3C4a-2 dV dV’ = 
4.+Tw-2 
“1 “1 
a2 ’ , 
where “y; is the volume of the body V, . Since I < co for every finite portion 
V, of the position space, Theorem III can be applied. 
A similar calculation shows that the integral (21) is also finite for a gas 
moderator provided p = M/m > 1. 
On the other hand, the integrals (21) and (217 are divergent for a liquid 
moderator. 
The semigroup F(t) defined by the Boltzmann operator maps nonnegative 
functions into nonnegative functions. (This evidently holds for the semi- 
group G(t) and for the integral operator K. Hence, by Theorem 13.4.2 of [4], 
the same is true for P(t).) Let the integral (21), respectively, (21”) be finite 
so that there are only isolated eigenvalues of r(t) in the exterior of the circle 
/ p ( = eeaet. Suppose now that the intersection of the set u[r(t)] with this 
exterior is not empty. Exactly as in [2], we conclude that there exists a 
nonnegative eigenfunction &,(r, v) of r(t) corresponding to a real eigenvalue 
pco = eAot. All the spectrum of I’(t) belongs to the disc j ~1 I < eAot. The func- 
tion &(r, v) is also a nonnegative eigensolution of the Boltzmann operator A. 
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